The Huygens-Fresnel diffraction integral has been formulated for incident Gaussian laser beams by using the Kirchhoff obliquity factor with the wave front instead of the aperture plane as the surface of integration. Accurate numerical-integration calculations were used to investigate the Fresnel field diffraction region for the much-studied case of a circular aperture. It is shown that the classical aperture-plane formulation becomes inaccurate when the wave front, as truncated at the aperture, has any degree of curvature to it, whereas the newly developed wave-front formulation produces accurate results for as much as one aperture diameter behind the aperture plane. The wavefront diffraction integral was developed for both the classical paraxial and the recently developed exact solutions to the scalar wave equation for a Gaussian beam. Detailed comparisons of these two diffraction solutions show that they are essentially identical for the typical laboratory laser. The typical laboratory laser is defined as having a wavelength in the near-infrared-through-visible range, a beam diameter as large as several millimeters, and a beam divergence angle as large as several milliradians.
INTRODUCTION
It was discussed in detail by Kraus' that, in theory, the wave front must be used as a reference for propagation and diffraction calculations in which the Huygens-Fresnel principle 2 is used. Huygens's principle has a strong theoretical3 ind experimental 4 basis. Even so, previous aperture diffraction formulations consistently used the aperture plane, instead of the wave front, at and as truncated by the aperture, as the reference surface or surface of integration. This usage is as predominant in the textbook and journal literature for incident Gaussian beams and Gaussian laser beams 5 -' 7 as it is for spherical waves.' Although this is appropriate for incident plane waves, the wave-front-in-aperture-plane approximation results in a significant error when the wave front has any degree of curvature (i.e., is nonplanar) or when the incident wave is not propagating parallel to the optic axis. 1 This is particularly true in the nearest end of the Fresnel diffraction region.
In related literature, the classical Huygens-Fresnel principle was applied strictly in the study of Fresnel zones and Fresnel zone plates or lenses for which the curvature of the spherical wave front is essential to the analysis.
2 "1 8 However, in all the literature referenced here, aperture-plane integration was used for the integrals involved in the diffraction formulations. The ensuing review represents a cross section of the literature related to the development of Gaussianlaser-beam diffraction by apertures.
Propagation of a laser beam through a circular aperture was investigated first theoretically for planar waves with Gaussian intensity profiles for Fresnel diffraction by using Kirchhoff diffraction theory and the Fresnel approximation. 6 ' 7 "1 0 "1 7 Rayleigh-Sommerfeld theory, also with the Fresnel approximation, was used to study truncated Gaussian fields. 8 This theory, furthermore, was used to investigate the axial irradiance and optimum focusing of laser beams truncated by an annular aperture" and to investigate obscuration and aberration effects.' 4 It was not until more recently that the paraxial-Gaussianbeam phase equation 8 22 was used to account for the laserbeam phase within the aperture for unfocused1 4 and focused beams. 9 1 21 3 "1 6 However, the Huygens-Fresnel diffraction integral with the Fresnel approximation, no obliquity factor, and aperture-plane integration was used for these formulations.
Kraus' presented the exact Huygens-Fresnel apertureplane and wave-front diffraction integrals, using the Fresnel-Kirchhoff obliquity factor, for a spherical wave impinging upon a circular aperture. A range of cases was studied in the near-field Fresnel diffraction region in which the Fresnel number, the wave-front curvature at the aperture, and the aperture diameter were varied. It was shown that the wavefront formulation is superior whenever the spherical wave front, at and as truncated by the aperture, protrudes appreciably through the aperture plane. (See Ref. 1 for parameters quantifying this effect.) The purpose of the research described here, then, is to investigate the improvements realized in the Fresnel diffraction region through development and use of an exact Huygens-Fresnel diffraction formulation with wave-front integration, as compared with aperture-plane integration, for a Gaussian laser beam propagating along the optic axis incident upon a circular aperture. Both the aperture-plane and the wave-front formulations are developed for the classical or paraxial form of a Gaussian laser beam.' 9 In addition, the wave-front formulation is also developed for the recently presented exact solution to the scalar wave equation (i.e., the Helmholtz equation) for a Gaussian beam. 20 ' 2 ' In these formulations, the obliquity factor as derived by Kirchhoff' 8 is used. Circular apertures were chosen for the research reported in this paper because theoretical and experimental diffraction-pattern results are available for low Fresnel numbers It is noted, however, that unaltered laser-beam diffraction measurements (i.e., with no lenses, spatial filters, collimators, etc.) could not be found. This is probably due in part to beam-cleanup and field-compression procedures used. The end result, however, is that the effects of true beam wave-front curvature and of protrusion of the wave front through the aperture plane are lost in the process. The above-referenced data, however, did permit the generation of a set of reference solutions, described below in the Investigation and Discussion section, that could be verified. These reference solutions were then used to detect degeneration in the subsequently calculated diffraction patterns that was caused by differing approximations in the formulation, particularly those approximations related to wave-front curvature. Primary parameters of variation included the Fresnel number, the Gaussian-beam intensity truncation level, and the degree of protrusion of the aperture-truncated wave front through the aperture plane. The second of these is dependent on the diameter of the circular aperture as well as the distance from the beam waist to the aperture plane. For the Fresnel diffraction region, it is well known that the scalar Huygens-Fresnel theory becomes inaccurate as the aperture is approached and/or as the aperture size approaches the wavelength of the light. However, these regions are seldom well defined because of the analytical complexity of the functions that describe diffraction field solutions. In such cases, quantitative information as to the applicability of the theory can be derived only through numerical calculations as reported here.
APERTURE-PLANE FORMULATION: PARAXIAL GAUSSIAN BEAM
The scalar amplitude-phase relationship for the paraxial form of a Gaussian laser beam is given by the relation 5 1 9 22 Ea(r, z)
where
E 0 is the wave-front amplitude at point S (laser-beam waist), X is the wavelength of light, wo is the beam radius of the /e 2 irradiance contour at the waist, zo is the Rayleigh range, w(z) is the beam radius, and R(z) is the wave-front radius equation, with other parameters as depicted in Fig. 1 . Figure 1 shows the geometric configuration for the usual HuygensFresnel-Kirchhoff diffraction integral formulation with aperture-plane integration. As with all formulations used in this paper, the obliquity factor -(i/2X)(I + cos 0'), with the obliquity angle ' as shown in Fig. 1 , as derived from the Fresnel-Kirchhoff diffraction formulation for spherical waves, 1 8 is used. The appropriate integral for calculation of
Note: Zw = Z Circular aperture of radius a in xy plane the wave amplitude, at a point P of coordinates (rp, 0p') in the observation plane x'-y', due to diffraction of an on-axis paraxial Gaussian beam by a circular aperture of radius a in the x-y plane, was formulated previously. 9 5 However, these formulations did not use an obliquity factor and did use the Fresnel approximation (i.e., approximating R' by using the first two terms of a binomial expansion). When the Kirchhoff obliquity factor is used and R' is not approximated by the Fresnel approximation, the appropriate diffraction integral is
where A is the aperture in the x-y plane, the first exponential term represents propagation from the beam waist to the aperture plane, and the second exponential represents propagation from the aperture plane to the observation plane. Through evaluation at the aperture-plane location z = zw, simplifying, and the use of the geometry of Fig. 1 , Eq. (5) may be fully defined as
Ep(rp', 00)
R'I dd5 (6) where
and Eq. (3) has been used to define the projected ray normal to the wave front of Fig. 1 even though the wave front is assumed to lie in the aperture plane.
To calculate the diffraction pattern for a given Fresnel number, Fr, with a, z, , and wo prespecified, a general equation for the Fresnel number must be developed. From this equation the z' that is needed to achieve this Fresnel number can be determined. In this case the equation for the Fresnel number can be derived easily by using the geometry of Fig. 1 and the phase portion of the first exponential term of Eq. (6) to define the optical path difference between the path from S to 0' and the path from S to the aperture edge to 
where Ezw* is the complex conjugate of Ezw and C = (1/2) (EoWo/wZ.)2. The beam intensity truncation is then defined when the aperture diameter, r = a, is specified in Eq. (10). Fig. 2 is the geometric configuration used for the paraxial-Gaussian-laser-beam Huygens-Fresnel-Kirchhoff wave-front formulation. The diffraction integral equation for the wave amplitude, at a point P of coordinates (rp', op') in the observation plane, x'-y', that is due to diffraction by a circular aperture of radius a in the x-y plane is
WAVE-FRONT FORMULATION: PARAXIAL GAUSSIAN BEAM

Illustrated in
which is identical to Eq. (5) except for one major difference. In this formulation, A represents the surface of the wave front at and as truncated by the circular aperture. The differential surface area, dA, may be defined as
where r(z)do is the differential arc length in the 0 direction, r(z) is the radius from the z axis to the constant-phase surface of the beam, and ds(z) is the differential length of the constant-phase surface of the beam in the z direction. The phase terms of Eq. (11) are used below to define explicitly r(z) or alternatively z(r) for the phase-front surface. Note that ds(z) may be expressed as
so that, hypothetically, an expression for r(z) or z(r) could be used to define ds(z) as
The aperture diameter in relationship to the beam diameter at the aperture determines the level of intensity at which the Gaussian beam is truncated. When the beam-amplitude term of Eq. (6), which is the last portion of the first exponential term, is used for z = ,
Thus the beam intensity is 
S Z LI dr ) r (15) As is shown below, an explicit relationship can be found for r(z) but not for z(r), so that Eq. (14) is used to define dA of Eq. (12) .
The wave front represented by A in Eq. (11) is of constant phase. The value of this wave-front phase, defined as C, can be determined by using the imaginary or phase portion of the first exponent term of Eq. (11) and evaluating it at the point where the aperture-truncated wave front intersects the z axis. This point is at z = zw and r = 0 so that
A fortuitous simplification of Eq. (11) results from the fact that the surface of integration is the wave front where the phase is constant. This permits the phase portion of the first exponential term to be moved outside of the integral.
By using this fact, the geometry of Fig. 2 , and Eqs. (12), (14), (20) , and (21), Eq. (11) may be expressed as
C. is called the wave-front phase constant. The geometric equation defining the wave front is found by equating Cw to the general phase equation as
Equation (18) can be solved to obtain an implicit expression for z(r):
This expression was solved by iterative successive substitution, with z = zw as an initial guess and r = a, to arrive at the value of za that is the z location of the aperture plane (i.e., the z location of the edge of the aperture-truncated wave front). This value z forms the upper limit of the integration over z in Eq. (11), with the lower limit being zw. Because of its implicit nature, Eq. (19) was not used to define ds(z). This expression can, however, be solved explicitly for r(z) with the result that
This expression for r(z) can in turn be differentiated with respect to z [using the positive root of Eq. (20) ] for use in defining ds(z) of Eq. (14) as
where where 
Q'= 0, and the other parameters are as defined in Fig. 2 or as defined earlier in this section. It is important to note that the effective spherical-wave radius, represented by Eq. (3), has been used to define the path of the ray projected normal to the wave front as in Fig. 2 .
The Fresnel-number equation for this paraxial-beam formulation, which may also be used to find z' for a given value of Fr, is derived easily by using optical path-length differences referenced from the wave front. Since the phase is constant on the wave front, the appropriate distances are from point 0 to point 0' and from the aperture edge (for which z = a) to point O' in Fig. 2 . The former plus m multiples of X/2 was set equal to the latter: 
To determine the paraxial-Gaussian-beam intensity truncation level in this case, Eq. (lOb) may be modified by replacing z.. by Za, which is found by using r = a in Eq. (19) , to obtain
where wZa = w(z = Za) in Eq. (2). The beam intensity truncation level is specified at the aperture edge by using r = a in Eq. (28).
WAVE-FRONT FORMULATION: EXACT GAUSSIAN BEAM
Landesman and Barrett 20 and Landesman 2 l presented a family of functions that are exact solutions to the scalar Helmholtz equation. The (0, 0) order of this family represents the fundamental mode of a propagating Gaussian beam that is examined here. The solutions are nonseparable functions in an oblate spheroidal coordinate system. Landesman and Barrett gave relationships permitting transformation of these functions from oblate spherical coordinates to x-y-z or r-4-z coordinates (as in Fig. 2 ). In order to convey the general nature of this solution and to permit comparison with the classical Gaussian-beam amplitude-phase relationship of Eq. (1), the defining relationships are presented and discussed here. The parameters that make these paraxial and exact-Gaussian-beam solutions comparable are also developed here. Finally, the development of the Huygens-Fresnel-Kirchhoff diffraction formulated for this exact-Gaussian-beam solution is presented.
Figure 3(a) shows the oblate spherical coordinate system, t-7-4,, in which the exact-Gaussian-beam solution was presented. The nominal phase front of the beam is a section of the surface of an oblate ellipsoid; this section is centered on the z axis. The oblate ellipsoid is formed by the rotation of an ellipse, with foci at r = de, about the z axis as shown.
The parametric equations relating the oblate spheroidal coordinate system to Cartesian coordinates are In these equations, ,u is a hyperbolic angle that is related to a Cartesian circular angle through the Gudermanian function 2 l and 0 is the azimuthal angle about the z axis. It is not necessary to know more about ,u for this presentation. The angle 0 is the angle of asymptotic convergence for a given hyperbola of revolution, or hyperboloid, representing a given beam intensity level. These hyperboloids are everywhere orthogonal to the oblate ellipsoids. A cross section of the particular hyperboloid that represents the beam diameter, defined the same as for the paraxial solution to be the le amplitude level of the beam, is shown in Fig. 3(b) . In this figure, 00 is the beam divergence angle for the hyperboloid that defines the beam diameter. The beam diameter at the waist is 2wo. The z = 0 beam radius, wo, and the Rayleigh range, z, for this exact solution are given below.
When t and i7 are defined as = sinh ,u and -= cos 0, the parametric equations of Eqs. (29)-(31) become 
with either -1< 7<1,
The exact Helmholtz equation solution for the amplitudephase relationship of a Gaussian beam in oblate spheroidal coordinates, which is analogous to Eq. (1), is
The sign of the phase (imaginary) term of the exponent of Eq. (35) From Eqs. (2), (36), and (37) and the definition of (, 
To generate an exact Gaussian beam comparable with the paraxial Gaussian beam, the wo and zo must be set equal, which enables Oo to be calculated, by using Eqs. (36) and (41), as
Zo Then de may be calculated, by using Eq. (41), as
(34) From the general family of ellipses with foci at de, the ellipse that defines the wave front at the aperture, for which z = z,,,, also must be determined. Let ae and be be the minor and major semiaxis lengths for the ellipses shown in Fig. 
3(a). For these ellipses
Re K + (44) and R,(K)l2
where K is the conic constant and Re is the radius of vertex curvature. If it is noted that be is equal to the distance from the beam waist to the wave front on axis, or in general z, Eqs. (44) and (45) can be solved for Re, and
is obtained, which is analogous to Eq. wave-front geometry and comparing it with the value of ha calculated for the paraxial-beam wave front, which is spherical. The exact-beam wave-front geometry was developed, as presented below, and expressed as a z(r) relationship analogous to Eq. (19) . Results of these calculations show that ha values are virtually identical for the paraxial-and exact-beam formulations for any given problem involving lasers with small divergence angles typified by those in Table 2 below. For this to be true, the exact beam must also have a nearly spherical wave front, indicating that use of Eq. (46) is valid for the entire wave front, under these conditions. Such data are presented in the tables of results in the Investigation and Discussion section. Note that Eqs. (3) and (46) for the spherical-wave-front radii of the paraxial-and exactbeam wave fronts, respectively, are not identical: they differ by the cos 00 factor. Thus beams with large divergence angles have different spherical-wave-front radii and thus different ha values for a given problem. In addition, for large 00 (several degrees), the exact-beam wave front is ellipsoidal because the wave front comprises a large section of the ellipsoid surface and thus deviates significantly from a spherical surface. In this case, use of Eq. (46) is inappropriate, and a vector normal to the wave front should be defined by using the exact form of the z(r) wave-front-geometry relationship. The general family of hyperboloids defining the general amplitude levels of a particular beam has values of n that are derived by using the parametric equations to obtain Equation (48) represents the amplitude-phase equation for the exact-Gaussian-beam solution that is analogous to Eq.
(1). Landesman and Barrett 2 0 and Landesman 2 l gave a detailed comparison of Eqs. (1) and (48). This comparison is summarized here in Table 1 , using a consistent set of terminology, and is used below to aid ensuing discussions. The derivation of the Huygens-Fresnel-Kirchhoff wavefront diffraction formulation for the exact Gaussian beam proceeds in the same manner as the Huygens-FresnelKirchhoff wave-front formulation for the paraxial Gaussian beam. In fact, Fig. 2 can be used again because the approach used for the Huygens-Fresnel-Kirchhoff wave-front formulation for the paraxial beam was developed so as not to depend on the specific shape of the wave front. The paraxial-beam formulation was exact from the standpoint of the diffraction integral. Here, the Gaussian-beam solution, as well as the Huygens-Fresnel-Kirchhoff diffraction integral, is exact. No assumptions are present except those concomitant with scalar wave theory. However, simplifications are used whenever it can be shown that they do not effect the results for the typical laboratory lasers considered herein.
For the geometric configuration shown in Fig. 2 , from Eq.
(45), the exact-Gaussian-laser-beam wave-front HuygensFresnel-Kirchhoff diffraction formulation, analogous to Eq.
where, in this case, A is the circular-aperture-truncated exact-Gaussian-beam wave front at the aperture and dA may again be defined by using Eqs. (12) and (14) . It is easy to show, by using the phase term of Eq. (48), that, in this case, the wave-front phase constant, C, is (52) This was the expression used to solve iteratively for the zdirection upper integral limit Za, using r = a. Note that, in this instance, this implicit expression for z(r) cannot be solved explicity for r(z). However, if the cos 0 term in the argument of the arctangent is near 1.0, the effect of this expression on the wave-front geometry is extremely small.
The 1/cos 0 portion of the arctangent argument will be referred to here as the Guoy effect modifier, Gm. [The arctangent term of Eq. (1) is known as the Guoy effect 5 : Gm thus modifies the argument of this term.] Recall that the diffraction field calculated in the observation plane is dependent on interference of the Huygens wavelets originating at the aperture-truncated wave front. It is thus appropriate to define the effect of setting Gm = 1.0 on the geometry of the wave front, at the aperture, in terms of the wavelength, X. This may be defined as
G, varies according to the values of r = a and z = za used. However, Gw is very small, i.e., <10-7 X, for typical laboratory lasers, as 
and the other parameters are as defined in this section or as in Fig. 2 . Equation (46) has been used to define the geometry of the ray projected normal to the wave front in Fig. 2 . The Fresnel-number equation for this exact-beam formulation, which may also be used to find z' for a given value of Fr, can easily be shown to be of the same form as Eq. (27):
is obtained, where 
cos 0 is as in Eq. (46),
Note, however, that Za has a different value in this case because it is found by sing Eq. (52) instead of Eq. (19) . Table 3 summarizes the Fresnel-number equations, for z', for the above three formulations, which are rearranged in the form of characteristic equations.
To calculate the exact-Gaussian-beam intensity truncation level Iz at z = Za and r = a, the amplitude portion of Eq. 
Because of the r dependence of cos 0, Eq. (61) must be normalized relative to the on-axis value of Eza at z = Za. Doing this and using Eq. (49) produces 
where Eza* is the complex conjugate of Eza. When cos 0 is close to 1.0, the denominator of Eq. (62) equals 1, so that Eq. (59) may be written as 
INVESTIGATION AND DISCUSSION
The primary effect to be studied here is the protrusion of the constant-phase wave front, at and as trucated by a circular aperture, through the aperture plane. This in turn has an important effect on the diffraction calculations because the actual location of the wave front determines the precise optical propagation path from the beam waist to the observation plane and because the magnitude of the obliquity factor at the wave front is determined relative to the vector normal to the wave front. The extent and the importance of the wave-front protrusion through the aperture plane are functions of the aperture radius or the Gaussian-beam intensity truncation level, the distance from the beam waist to the aperture plane, and the Fresnel number. Therefore three sets of Fresnel diffraction cases are consideredihere to study Gaussian-laser-beam wave-front aperture-protrusion effects: (1) varying even Fresnel numbers from 2 to 10 for the central portion of the beam, (2) varying truncated-beam intensities from lie to e 0 for Fr = 10, and (3) varying the distance from the beam waist to the aperture plane for a beam truncated at the l/e 3 level for Fr = 10. The first helium-neon (He-Ne) laser described in Table 2 , having a wavelength of 0.6328 m, was used for all test calculations reported below. This wavelength and this laser were chosen because nearly all the experimental data available for verification of circular-aperture Fresnel diffraction patterns were obtained with a He-Ne laser with this emission wavelength. 23 - 25 These experimental data and supporting theoretical calculationsl 2 3 -25 are used to support the claims of relative performance of the theoretical formulations and approximations examined below. This paper is concerned not with efficient computational procedures but instead with proper theoretical formulation for diffraction field calculations. Thus Eqs. (6), (22) , and (57) were integrated numerically by using Gaussian quadrature with Nt terms in each of Nb radial regions in r (Fig. 1) or z (Fig. 2) by Nb angular regions in 0 (Figs. 1 and 2 ). Convergence was ensured by successively increasing Nt and Nb until the observation-plane intensities no longer changed. In all cases, a 16-term quadrature with 16 X 16, or 256, subregions of integration was sufficient to achieve this convergence. The observation-plane light intensity was calculated and normalized by using the relationship
where Ep* is the complex conjugate of Ep and Imax is the maximum observation-plane intensity, (1/2)EpEpmax*, calculated for any point in the observation field. Since the field is axisymmetric, 201 points from r' = 0.0 to r' = 1.6aSf (Sf is defined below) and for 4' = 0 were calculated as a representative cross section of the field intensity. All calculations were done with a dual-processor Cray XMP/24 computer. Solution times were 4-6 min per case.
The discussions below will be aided by definition of parameters that can be used to quantify wave-front protrusion through the aperture. Recall that ha is the distance from the aperture plane to the intersection of the aperture-trun- The quotient ha/a is equal to the tangent of the angle from the aperture edge to zw, referenced to the aperture plane, or nearly equal to the angle itself for these small angles. This is a measure of wave-front protrusion through the aperture plane and therefore is referred to as the wave-front protrusion angle. Figure 4 shows plots of the wave-front protrusion angle, ha/a, versus the distance from the laser-beam waist to zw. The curves in Fig. 4 are for three different beam radii, wo: 0.4, 0.6, and 0.8 mm. The curves also represent a constant ratio of a/w(z) = 2.3 at the aperture-plane location. It is at this radius that the diffraction ripples in the observationplane field intensity distribution are <1%. 5 Diffraction effects can be ignored altogether if this ratio is >3.10 Thus the curves shown in Fig. 4 This latter parameter should be zero for incident uniformintensity plane waves and even Fresnel numbers. It was found for the uniform-intensity planar-and spherical-wavefront Huygens-Fresnel-Kirchhoff diffraction formulations that values of this parameter greater than zero were a relative measure of the visual and numerical accuracy of the diffraction intensity profiles. This was also true here except that, owing to the small intensity variation of the truncated portion of the beam, on-axis intensity values would not be expected to be exactly zero, as they were for the incident uniform-intensity plane-wave and spherical-wave cases.
The small amount of beam intensity variation causes the value of I 0 (r' = 0) to increase from 0.0 to 0.00030. On the basis of this value, solutions in Table 4 found by using the aperture-plane formulation were slightly degenerate, decreasing in accuracy with increasing Fresnel number. The results of the wave-front formulations given in Tables 5 and   6 show an order-of-magnitude improvement in I(r' = 0) over the aperture-plane formulation, with values near 0.0003, indicating that accurate solutions are produced. Differences between the results of the paraxial and the exact wave-front formulations are insignificant. The exiting fnumber, the f-number defined as z'/2a, is also shown in Table 4 and has been included to illustrate that these cases are not in the very near Fresnel region where the f'-number is <1. As was shown previously, when the f-number is <1, the Huygens-Fresnel-Kirchhoff diffraction formulation becomes inaccurate regardless of the surface of integration used.' It is the intention here to separate the effects of wave-front protrusion from the effects of the very near Fresnel region.
In the second set of test cases for the three HuygensFresnel-Kirchhoff formulations described above, the beam truncation level was used as the primary parameter of variation. Diffraction field intensities were calculated for six different truncation levels from le to le1 0 for a fixed Fresnel number of 10. Tables 7-10 summarize the results. Table 7 presents data for a small value of zw = 1.0 X 10-6 m.
The purpose of this was to establish accurate base case solutions for the various beam truncation levels with the wave-front protrusion angle being negligible. As can be seen by inspection of Table 7 , this angle is relatively small for this value of z. Experience in calculating these solutions indicates that for values of haIa < 0.005 mrad, wavefront protrusion effects are not significant, and solutions match those for an incident plane wave with a Gaussian intensity distribution. These base case solutions are represented also by the observation-plane radial intensity profiles shown in parts (a) of Figs. 5-10. The radial direction dimensions, r', are shown in parentheses for these cases. With the data in Table 7 used as the base for comparisons, the cases in Table 7 are repeated in Tables 8-10 However, the wave-front diffraction formulations produce accurate results for these test cases, as can be observed by comparing the values of I(r' = 0) in Table 7 with those in Tables 9 and 10 . Again, the results of the paraxial and exact wave-front formulations are nearly identical. The intensity profiles corresponding to the cases listed in Tables 9 and 10 are identical to the corresponding cases in Table 7 , except for a change in scale. As such, these profiles are also shown in parts (a) of Figs. 5-10, in which, in this case, the radial dimensions, r', are those given without parentheses. Part of this scale change is due to the different z and resulting z' values used in Table 7 versus those in Tables 9 and 10 . This effect is the same as that observed for the aperture-plane and wave-front formulations for an incident uniform-intensity spherical wave front' and is a direct result of wave-front protrusion through the aperture plane.
As was true for the spherical-wave-front case, this can be characterized by using a scale factor defined as
where, in this case, zg' was calculated from Eq. (27) or Eq.
(60) for the paraxial or the exact wave-front formulation, respectively, and z' was calculated by using the Fresnelnumber equation, Fr = a 2 /Xz,', for a plane wave incident upon a circular aperture. 2 Sf is given in Tables 9 and 10 ; it is also given in Tables 5 and 6 . Values of this parameter that Table 11 with the corresponding results of Tables 12 and 13 shows that the wave-front formulations produce superior results when ha/a > 0.005 mrad. As before, differences between the results of the paraxial-and the exact-Gaussian-beam wavefront formulations are miniscule. Sf values are given in Tables 12 and 13 .
In comparing the aperture-plane and wave-front formulation results, recall that the wave-front intersection with the optic axis is considered to be z. in either case. The aperture, differ from 1.0 by more than 1 part in 104 indicate that the aperture-plane formulation will not produce accurate results. This change in the diffraction field scale, a result of wave-front protrusion through the aperture plane, was left unidentified in the classical aperture-plane formulations. The last set of cases was used to investigate the effect of changing the wave-front protrusion angle by variation of zw, by the method described for Fig. 4 . The parameters used and the results obtained for the above three formulations are given in Tables 11-13 Tables 9 and 10; when Table 11 is compared with Tables 12  and 13 , similar differences are seen. In the cases in which Za is perceptibly less than zw the proper value of a is therefore not known a priori. The value of a to achieve the desired truncation level was estimated first by using Eq. (28) or Eq. (63) with z = z. The corresponding value of z(r = a) on the wave front was then calculated by using Eq. (19) or Eq. (49), respectively. The new value of z = za was used to repeat this procedure, by successive substitution, until convergence of a, Za, and thus w, was achieved, which produced the specified truncation level. however, is located at either z or Za, respectively, differing by the distance ha. The values zw and za are so close to being identical in Tables 4-6 that the beam waist at the aperture, WZ. or wZa, respectively, is essentially the same and thus the aperture radius to achieve the same beam intensity truncation level is the same. As the wave-front protrusion, ha, increases as in Tables 8-10 , Za becomes perceptibly less than zw so that wz, becomes less than w.. The aperture radius, a, at Za must then be reduced in order for the beam intensity truncation level to be maintained. This is the reason for the differences in w, a, and ha/a in Table 8 Observation-plane radius, r' (mm) (b) edge of the aperture this error decreases to zero, for equivalently defined problems for the aperture-plane and wavefront formulations. This error is manifested as a change in z' for a given Fresnel number and a change in the scale of the diffraction pattern. The second error results from the use of an incorrect value for the obliquity angle. The obliquity angle defines the propagation amplitude relative to the vector normal to the wave front. The Huygens-Fresnel principle defines wave propagation and interference relative to this wave front at the aperture, which must then be the surface of integration. As long as the incident wave at the As was shown previously in the case of spherical waves,' the wave-front formulation for Gaussian beams corrects for two errors that are present in the Gaussian-beam apertureplane formulation. The first error results from the use of an improper optical path length and is corrected by using the proper trajectory from the beam waist to the wave front, instead of from the beam waist to the aperture plane, and then from the wave front to the observation plane, instead of from the aperture plane to the observation plane, as is required by Huygens's principle. This error is greatest between the optic axis and the edge of the aperture for large wave-front protrusion angles. At the optic axis and at the aperture shows little curvature or protrusion through the aperture, aperture-plane integration results show little obliquity angle error. However, when this curvature or protrusion becomes significant, the incorrect specification of the obliquity angle in the aperture-plane formulation causes premature degeneration of the calculated diffraction patterns.
As a final observation, in contrast to the spherical-wave case,' the use of the approximate and classical relationship 
SUMMARY AND CONCLUSIONS
A new Huygens-Fresnel-Kirchhoff diffraction formulation was developed for Gaussian laser beams incident upon a circular aperture. For a prespecified Gaussian-beam wavefront form, this formulation uses the exact Huygens-Fresnel diffraction integral with the full form of the Kirchhoff obliquity factor. Most importantly, this formulation uses the wave front, at and as truncated by the aperture, as the surface of integration. This is in contrast to the classical Huygens-Fresnel-Kirchhoff diffraction formulations, which often use approximations to the obliquity factor, often use the Fresnel approximation, and always use the aper-
